
D
. DegreeendCellularHomology

for a map
f :S

"
→ 5

- .

we get f* : Ha (5) → An Isn ) ( n to could just use Hn IS " I)
SH SH

Z Z

define the degreeof t to be degff ) = f
*

lil E Zt

note :  i ) deg I idsn ) - I

2) deg If ) only depends on f upto homotopy
3) if f is not surjective ,

then deg f -
- O

since it f misses a point x E S
'

then S
" # s

"

F- - flu T i
5- Ix)

but 7*117--0 e Ha (5-1×3)=0

so f *
Ill = I * II (D) = 2*101=0 .

4) deg (fog) = deg (f) deg (g)

5) if f is reflection then degf = - I

f I Xo
×

, - - . Xn )
indeed : no 5=1 - I

,
I ) and

= f- Xo ,X , ,
. . . Xu )

f- ( Il) -

- It

Ho (5) E Holt - D) ④ Hollis )

f-
*

I a. b) =L b. a )

recall to compute
reduced homology we consider

2=0
E

C. Iso ) → Co C so) → z

Em ,
x

,
t Em

,

so Ito C so ) E her I Z ④ Z  → Z ) E ZI gen by Ll
.

- I )
I acb ) 1- ) at b

now f
*

( I
,

- I ) = t lol ) = - ( I
,

- D

so deg f  = - I



now suppose result for Sk with ka n

let D ?= { exo , . . . xn ) E S
"

Itxuzo } ( ( ( / I
Dnt

note f preserves DI D ?
S

"  - l

Ints
" ) Hn I s ? DI ) Hnl DIDDY In

.
in

If  *

° If *

° t  *
o I f*Ttncsn) is ;D : )

E-
Hn CD-72127 )Tta . dah )

good

pttahir
excision I .

-

sn
- I

That 12

so all vertical maps
Hull ??→HnlD7oDH¥HmGDH→

Hn DI

h  7 I

are multiplication BY - I

itn-it.ci?y-HiaIpaHHozIso?fi'ItzIIj
6) f -

- antipodal map =
- idsn

°

Hit D-
'

DD ! ) I

Keri

then deg Cfl = C-I )
" "

I
Ito

15 )

this follows from exercise : f  = composition of

( htt ) reflections

S-meniceapplica-ionsofdegreeikmmqeff.gix-5.IN#/
\ if fix ± - gcx ) txt X

,
then f- g-

Proof"

Hi xx Co . D → s
'

I x it ) I → 4-tlfCx7ttg#
11h - t ) Hxlttgcxll

IS the homotopy ( note OK since flat - g Cx) )
#y

Corny

:# \
let f : she sa

it it f has no fixed point ,
then deg f = C- t )

" "

\
a it there isnd x es

"

set
.

fade - x. then degf = I-
Proof : i ) apply lemma 21 to f and antipodal map and

use homotopy invariance



(2) same as above but for f and I 'dsa
EH

Corts :

yIf n is even ,
then any map f : 5. → s

"
has a fixed point or an

\
antipodal point I x set

.
text = - x )-

Root : if not then deg f = I and - I XO
L#

↳

gnhasanonzerovectorh.ee#⇒Inis
Proof: If n is even then

any vector field must have a zero

since if v a vector field with no Zero then
x.→ vex ,

u # lies
in

'

planefish -75 :X HITTIN .¥-.*,
tax

has no fixed points or
I

antipodal points XO .

fly )

if n = 2kt I
,

then

V ( Xo ,
X

, , .  - .

,
X 2h

,
Xzhtl ) = ( Tito .  - . i Xzhti

,
- Xzh )

an non zero vector field
.

Remarks: Its actually true that maps f. g : S
"

-75
"

are homo topic
⇒

deg f = degg

Howtocomputedeg .

Suppose f : S
"

→ 5 n > o

and I y ES
"

set
. f-

'

ly ) = finite set of points x. , . . . ,
x

n

ht

note : Hnl 5- ly 3) → Hnl 5) → Hnl 5
,

5- ly 3) → Ha . ,
I 5- HD

" "
n > I

,
think about

O O
n = I case

so n* an isomorphism
similarly

j* : Hats " ) → Hats ? 5- I x. 3) an isomorphism too



let 11 be a neighborhood of y and

4 be neighborhoods of the x
,

set. fly ) CV and

X
,

* 4 . ttrtj

by excision Hn Csn
,

5- ly 3) I Hn C 5- I 5- V )
, H-HD - ( 5- v ) )

= Hnk, V - I 'll )

Similarly for Hulk , 4 - Hd )

So we get f *
i Hn ( U

, .

U
,

- I x. 3) → Hncv ,
✓ - gyp note : = with Z

HS us
comes from I

Z z
to His

" ) and

1 1- d
can fix

generator there

we define the Localdegreeoft etIi to be
so

d well - def

degff ,
x

,
) = f

*
I D above

note :
.

.

if we

.
changeY

,
99.

same "Imber , as long as ×
,

at
Ui ! )

• If flu
,

: Un → fly ) a homeomorphism then replace V by HY )

and f
*

: Ha 14,4 - Ex ) ) → Hulk V - 143)
lls 115

Z Z

1 1- It

so degff, xn ) =
 It

?e
.

f local homeomorphism near x
, ,

then deg C fix ,
) -

- I I

/emma25_:

#with f : s
"

→ S
"

, y and x , ,
. . . Xh as above

\
deg Ifl - ¥

,
deg If

, xD
-

Proof .

-

Choose all Vi disjoin 't
k

set -2=5 - ¥4



excision
Hn ( 5

,
SI ft

'

( y ) ) = Hals
"

,
52 { x. ... ×n} ) I Hn( 5- z

,
st { x. . . .xn} - z )

= Hulky, , ¥4 - { x
,
} ) )

= ¥
,

Hnl 4,4 - { x ,
})1--7deglf )

now Hn ( s
" ) - Hnls " )thf*of l* I

Hn( 5
,

5. f-  '

( y )) - Hnlsn,
5- { y })

f
*

' €aH¥inu
.

. ix. " o÷h¥tnkIit.
note : Hnls

") → Hulu . , 4- { ×
,
} )

511 41

Z Z

1 1- 1

So g ( 1) = ( 1,1 , ...

1 )

and
deg f = f* 11 ) = (tofflu

,

)*)° g 1 1 ) = 0 (flu
,

)*( 1) = ,£
,

deglf ,
x

,
)

#

Remarks.
it you know differential topology then given a smooth

map f :S
"

→ S
"

we can homotop f so y is a regular value

⇒ f- ' ( y ) finite and f local homeomorphism

dfxj . Tx
.

S
"

→ Tys
"

isomorphism
" 5 11 s

IR " IR
"

degff ,
x

,
) = { If dfx

,

orientation preserving
dfx

,
orientation reversing

exampled
:

fn :{
'

zfln n > °

u.IO#IE,0*1
EI:

an choose so flu
,

: U
,

→ V a homeo
.

Xu .
→ ¥ "

f 1

can extend flu
,

to a
4 '

homeo gi :S
'

→ S
'

that preserves or
't

such homeos are Isotopic to cdsi



:
.

I -
- deg g ,

= deg Cg
, ,x ,

) = degAn ,

x
.
)

so deg fu= n

it neo
,

then f  = f  or
a reflection

n - n

SO deg f
n

-

- deg If
. a) deg r

=  En ) C - I) = n

2) let D
, , . . . , Dn be disjoint D

"

in s
"

n > I

C-
- S

"
- IiDi

Jm
, wedge of kin - spheresthen %= 5v5v

. . .us
"

"

E
, g :s→x

let U be a nbhd of wedge pt .
in X

let V -

- X - wedge point

note : UM = = ¥
,

@
 "

xloi ) )

Hn WHO Hill ) -7 Hnl
Xl

-7 Hn
. ,

tuned -7 Ha
. duty

,

Ha
.
IN

it k I I S
O

O ④ Z

k
7=1

so

Hnlx
) I ④ Z

1=1

let f
,

:X → s
"

collapse allbutIth s
"

in X

Ganim
: Hi )* : Hix ) → His )

us us
④ It Z

I mi , . . . Mh ) T Mj

indeed let S
"

x s
"

Inc S
"

to 7th sphere

f. o ) ,
is a homeomorphism

so He ) *

o

*
CH = It

so HI *
C D=  It it - I compose f

,
with reflection,



now set f : X → s
"

to be f
,

on a
't sphere

So f
*

( m
, , ... Mk ) = M

,
+

. . . tmk

as above q* : HIS " ) → Hu ( × )

1 1-7 ( hi , ... ,
1) exercise : prove this it

not clear

set

qefoq
:S

"
→ 5

"

( consider ex c) above )

clearly deg(g) = k

darning y

let X be a CW complex

set Cnw ( × ) = free abelian group generated by n - cells e
,

"

, ... enen

let f ? :2eF→X←"
the attaching map for eni

given e ! and ejn
. '

,
nzz

,
consider

c.
quotient onto jth

5-
 '

=2e ?  

#
xm

' ' '
→ ×←Y×←z, ± ¥ isn't , sat

5
"

"
quotient 7

Moi
9ij

let djj  = degree gij

define 25 : Cgwcx) → CLY ( x )

ei - If
'

does
"

for n= I define :

yw : gacx ) → could
e ; - 2e

'

i

£ singular boundary since

et.  -7 X Is a sing 1- simplex
note : if XN={ one point }

,
then 2 ,cwe; = 0 Fi



That "

www.#\|
Hnlx ) I ker£%m any

-

Hnwlx) = kertihhnynw is called the cellularhomolog of X

and the says HCYCX) Is Isomorphic to singular homology !

examples ;tz.ge#iOeieDn.MlI

g.
C w zcw

0 → ECT
' ) → CFLTY → CECH → 0

' ' '  '

z z @ z E

for 2 wet. = 0 from above

¢ wrresp to eti
for 2%2 :

gets '
→ ×

' ' '
→ KY×a= X

" '→ Si.

÷"

t.IT#xafe-.O.::÷
note : orientation on 2E2 agrees with direction

at  Xz but not  at X
,

so as discussed above

deg (g; ,xd= 1 = - deg ( g. ,
x , )

so deg ( g.) = O for 1=0,1

:
. 2Ye2= Oe

,

'
+ oet = 0



Zt n= 0,2

:
. Halt )={#o*" "

otherwise

exercise : If Ig is surface of

genusgau@n5thenHntifEgfnnoiIne.w

.ie

Remarked , ) Hhlx) has at most lh= # k - cells generators

in particular ,
Hn 1×1=0 it no h - cells

2) If X has only cells in even dimensions then 2w=O

so Hnwlx) = Ccnwcx)

examp1e_: recall EP
"

= e°ue2ue4u
...

ve
"

SO Hcnwcepn) =

E n= 0,2 , ... zu{ o otherwise

example: let X=§Da u 212 - cells )

e2
,

attached along a 553

e 22 " " b3 ( ab )
-2

arguing as above we have

* *
O→cYW→ciYx→coww→o

115
115 115

zoz ZOE Z

24=0

2Y= ( I
, T ) note matrix invertible

over E so kerjcheo

→: HYc×)={2gnn¥o
M2I=everything



by Van Kampen IT
,

IX ) -= La , bl a 553
,

b
'

La6537

one can show this is a group of order 120

so X not contractible

note : example shows Th sees things Hn does not

but IT
,

(5) = O
,

n > I so Ha sees things IT
, does not

.

lemma27_:

#
X a CW complex

i ) Hh I x
' "

,
X

"  -  'D= { tentnn¥n he # n - cells

"

÷:
'

:÷:
an . . . . " .

I

↳ : H I X" ) -7 H IX)than#Proof: i ) I X
"

? XK " ) is a good pair so

Hnlx
" ! x

" ' I I That " "

ha -n )

but X a -it I II
,

s
"

for nzi

for a = o also clearlytrue2) Hae
,

CX
" ! Xd-  " ) → Hh I Xd-  ' Y → Hhcx

" I -7 Hhlx
" ! xd

-" )

Ktn
,

n - I
' ' Il
o o

. : Hnl X
" -" ) = Hh ( X

" ) ht keen
, n - I

so for k > n Hh l X
" ) = Hh ( xd

-  ' D=
. . .

I Hhlx " )
=L

,

3) if Kc n then g m arbitrary

Hnl X " ) I Hhlxcnt" ) E
. . .

= Hklxcntmy

so Hhlx
' " I I Hhcx) ( clear it X finite dime

still true for any X but need

Fact :

"

Homology commutes with

direct limits
"

l co limits )
#



Proof of The 26 :

-

by lemma 25 we know Cncwlx) I Hnlx
"

,
Xd-" )

consider the long exact sequence of the tipple I X
" " '

,
X

" ! X
' " " )

. . .

→ Hm ,
( X

" "

? x
" " ) → Hat ,

( X
"! X

" ) Hnl X
"

,
x

" -" ) →
. . .

so dnt
,

: Cali CH → cimex)

Clarin 24W -

- da

we prove claim below
,

but first prove th "
given claim

consider 2 long exact sequences of pairs ( Xd"

?
x

" ) and I X",

'
x' n - ")

Hnlx

"
 -  

"
) = O

by lemma 27

Hae ,
Clint! xx , ,

dnt ,

t
→ Hnfx

" ' ) → Hal x
@t" ) → Hn C XX"

? x
" )

S I l I I

\
,

I In
Hnl x ) O

Ino )
nel Hnl XM

,
Xk-" )

fanHn . ,
1×4

- iy

exercise :

j no Int ,
- dnt I

l diagram chase
, easy to see choices maid to

construct 2mi ,
can also be used for dnt ,

)

SO d no dnt ,
= J n - co Jn ° In o Jae ,

= O

-

= o since 2 terms in long exact sequence

-

'

' can consider
her dyim duel

from above Hn ( × ) =
Hnlx "Y

I in Intl

note : In is injective so

im Int ,
I Jn ( in one ,

) = im CJno Inti ) = i 'm due ,



and since jn . ,
Is injective too

Hnlx
' " 't I linjn = her 2n Iker ( jn . io 2) = kerdn

:
. Halx ) = =

in'%ndn+, = kerd%mdn+
,

Hnlx "Yim2nt
'

nlgwenbyin
=ker£%in5nI

,ProofofC1aim= by claim T

first note : 1 : ( e
,

"

,2ei ) → 1 X "! X
' " " ') given by

" inclusion
"

induces
l* : Hale ; .se ;) → Hnlx " '

,
x←" )

11 s H S

E
Fn Z

Is injective and maps Z to factor corresp to e !

I indeed ( e ; pen ,→lxm
,

xh " ) → ×%e.is
→ then

-
j

Hale ! ,2e ! ) ¥ ,

Hnle%e;)* e%e
;
)°T* identity map )

now Haley
, 24 ) IHn

. ,
( 2ey )

th
°

th!l*
Hnlyn

,
x← ' ') #Hn

. ,lx←" ) exercise check *o*In - i¥ y¥( xinyxni ')

so generator in Hnlx "
? In" ) corresponding to eg.

maps under dn to

Jn . ilfni )*l ' ) In Hn
. ,

1×4."
,

x←" )

but Hu
.

,(×←"
,

X
' " ' " ) I E. Z

and by definition (Jn . ,
off) 1 1 ) = ( du

,
... ,d , en . ,

)
*

:
. dnlgen . corresp toe ! ) = INWCE! )

L#



E. Homology with different coefficients
-

given an abelian group G

and a space X

let Cnlx ,
G) =L ¥gig I g ,

c- G
, Oi a singular n - simplex }

7177,99) =÷ 9i2q .  = ogiepiq.sc
' th face of o

;

as before 2 ° True
,

= O

so we define the homologyof¥withcoefficientsinE to be

Hn I X ; G) = her 21 ( note : for G - Z get orig defa )
I in 2nA

can also define Hnlx ,
A ; G ) using Cnl X. A 's G) =

Ch " : %c A ; , ,

all th 's we proved above work for these homologies too

similarly if X a CW complex let

Chul Xi G) =  

FONG en -

- # n - cells

and
anew I II.gie:L =

,

gildeghide ;
"

where
yen

,
 → xin - it

→ xHY×←z, → gn
- I correspe? ,

-
his'

again this gives Hn Cx; G )

example : IRP
'

e
.

?
>

use It coeff : use

Zyz
weft :

o → Guppy -7C
,

LIRR) -7 Collar ) -70 O -7 GURR
, # z ) →C

, HRP? # 2) → ColIRP,
→ O

us lls lls lls us lls
Zf Z → Z 0 o

¥2
→ Z/z→¥12

Hnl IRP
'

) =

E n -
- o

Itoh
'

o
.

,

Anamika ) -

Hoh
n

;Io;:


